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Abstract 
A SQUID is a highly sensitive magnetic sensor. However, a defect of SQUID is high susceptibility to magnetic noise. 
The high robustness of SQUID with respect to magnetic noise enables to widen the range of applications. We have 
striven to clarify the mechanism of weakness in magnetic noise by means of numerical electromagnetic field 
simulation to support a SQUID development. However, a Josephson junction was modeled as a constant resistance 
and a SQUID behaviour was not correctly simulated in the previous paper. Therefore, the non-linear current-voltage 
characteristic of the Josephson junction is newly taken into account the simulation to represent the SQUID behaviour. 
As the results, the phenomena of the step-increasing magnetic flux and the spike voltage that could not be reproduced 
in the previous paper is simulated. It is successful to qualitatively evaluate the SQUID behaviour, i.e. it becomes 
possible to represent superconducting-to-voltage and voltage-to-superconducting state transitions. 
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1. Introduction 
A superconducting quantum interference device (SQUID), a highly sensitive magnetic sensor, is widely studied in 
various applications such as a magnetic resonance imaging (MRI) [1], a nondestructive evaluation (NDE) [2], etc. In 
these applications, a magnetic shield is indispensable to the SQUID measurement. The reason is that the magnetic 
noise easily deteriorates the SQUID performance and makes it unstable. Therefore, the high robustness with respect 
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to magnetic noise is requisite to expand the application field of the SQUID. The final subject of our research is to 
develop the SQUID magnetometer to stably operate in geomagnetic conditions without magnetic shield. In order to 
attain the purpose, we simulated the electromagnetic behavior inside of the SQUID magnetometer, indeterminable in 
the experiments. 
Our previous paper described the electromagnetic field simulation results of the SQUID magnetometer by 3-D FEM 
[3], however the Josephson junction was modeled as a constant resistance. In this paper, the non-linear current–voltage 
characteristic of the Josephson junction is newly considered to qualitatively represent the SQUID behavior. To realize 
this characteristic, the superconducting-to-voltage and voltage-to-superconducting state transitions of the Josephson 
junction are embedded to the simulation code. 
2. Characteristic of SQUID Ring and Josephson Junction 
2.1. SQUID ring 
A SQUID magnetometer, one kind of the SQUID sensors, consists of a SQUID ring and some pickup loops. The 
SQUID ring consisting of a superconductor ring with two Josephson junctions is simulated by 3-D FEM with current-
voltage characteristic of the Josephson junction in this paper. Fig. 1 shows the configuration of the dc-SQUID ring. 
2.2. Josephson junction 
A Josephson junction consists of two superconductors coupled by a weak link. On the Josephson junction, a current 
flows without any voltage below the critical current. The Josephson junctions make it possible to change the amount 
of the magnetic flux crossing the superconductor ring and to measure a very small amount of magnetic flux. In our 
previous study, however, the characteristic of the Josephson junction was not taken into account. In this paper, the 
non-linear current-voltage characteristic of the Josephson junction is newly considered in the 3-D electromagnetic 
simulation. 
The Josephson junction is commonly expressed by the equivalent circuit called resistively shunted junction (RSJ) 
model [4]. Fig. 2 shows the equivalent electrical circuit of the RSJ model, and the equations (1) and (2) show the 
circuit equation. Here, Ib, Ic, I, V, R, C, t and )0 are the bias current, the critical current of the Josephson junction, the 
phase difference across the Josephson junction, the voltage, the equivalent resistance, the equivalent capacitance, the 
time, and the flux quantum, respectively. The current-voltage curve of the Josephson junction is obtained by solving 
these equations. Since it is very difficult to directly solve these equations coupled with the developed simulation 
method, the simplified current-voltage characteristic shown in Fig. 3 is employed in the simulation.  
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Fig. 1. Configuration of the dc-SQUID ring. 
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3. Numerical Electromagnetic Simulation 
3.1. Simulation method and model 
The simplified non-linear current-voltage characteristic of the Josephson junction is considered in the developed 
simulation using the 3-D finite element method (FEM) [3]. In the simulation, the normal resistance of the Josephson 
junction is assumed to be lower than the real one, because the 3-D FEM cannot converge using the real resistance 
value. However, the lower normal resistance can sufficiently express the voltage state since its value is much larger 
than the resistance of superconducting state. In the simulation, the state transition of the Josephson junction is 
expressed as the following method. The state of the Josephson junction varies from superconducting-to-voltage or 
voltage-to-superconducting, depending on the amount of the current. In the case below the critical current, the 
Josephson junction is the superconducting state. When the current through the Josephson junction exceeds the critical 
current, the Josephson junction transitions into the voltage state. 
Fig. 4 shows the simulation model of the dc-SQUID ring. The simulation model includes the dc-SQUID ring with 
two Josephson junctions and the around air region. The bias current of 10.0 PA flows into the dc-SQUID ring. The 
critical current of the Josephson junction is 7.0 PA. In the simulation, an external magnetic field is applied parallel to 
the z-axis and uniformly increases from 0 to 5.0 PT. In order to investigate the electromagnetic behavior of the dc-
SQUID ring, the magnetic flux crossing the dc-SQUID ring and the voltage between the terminals of the dc-SQUID 
ring are computed. 
3.2. Simulation result 
The simulation of the dc-SQUID ring with consideration of current-voltage characteristic of the Josephson junction 
gives the magnetic flux crossing the dc-SQUID ring and the voltage between terminals of the dc-SQUID ring, as 
shown in Fig. 5. Fig. 5 (a) shows the step-shaped increasing amount of the magnetic flux periodically in the same 
pitch. The increment of every step is about 0.06 fWb, about 60 % of the applied magnetic field. Fig. 5 (b) shows the 
periodic spike voltage. When the current reaches to the critical current by increasing Meissner current, the Josephson 
junction transitions from the superconducting state into the voltage state. Thereby, the magnetic flux crossing the dc-
SQUID ring increases and the spike voltage appears simultaneously. Fig. 6 (a) and (b) show the current density 
distribution on the superconducting and voltage states, respectively. On Fig. 6 (a), the current disproportionately flows 
in the Josephson junctions. On the other hand, the less current flows on Fig. 6 (b). 
When the Josephson junction is assumed as a constant resistance, these phenomena, the step-increasing magnetic 
flux and the spike voltage, cannot be reproduced. It is successful to realize the qualitative expression of the SQUID 
behavior by taking into account the current-voltage characteristic of the Josephson junction. 
 
Fig. 3. Current-voltage characteristic of Josephson junction. Black: I-V curve 
obtained from RSJ model, Red: Simplified I-V curve used in simulation. 
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Fig. 4. Simulation model of dc-SQUID ring with 
two Josephson junctions. 
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4. Conclusion 
In this paper, the electromagnetic field simulation of the SQUID ring is performed by using 3-D FEM. In order to 
represent the state transitions of the SQUID behavior, the non-linear current-voltage characteristic of the Josephson 
junction is newly considered. Considering the characteristic affected on the simulation result greatly. The electric 
behavior of the SQUID ring can be qualitatively expressed in the simulation. Concretely, the step-increasing magnetic 
flux and the periodic spike voltage are obtained. 
For further study, the more elaborate consideration of the Josephson junction is required for quantitative evaluation. 
For example, a phase difference across the Josephson junction is not considered yet. 
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Fig. 5. Time variation of (a) the magnetic flux crossing the SQUID ring and (b) the voltage between terminals of dc-SQUID ring. 
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Fig. 6. Current density distribution on (a) Superconducting state and (b) Voltage state. 
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